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Abstract

It hasbeen demonstrated that the Linear Discriminant
Analysis (LDA) approach outperforms the Principal Com-
ponent Analysis (PCA) approach in face recognitiontasks.
Dueto thehighdimensionality of a imagespace, many LDA
based approaches, however, first use the PCA to project
an imageinto a lower dimensional space or so-called face
space, and then perform theLDA to maximize thediscrim-
inatory power. In this paper, we propose a new, unified
LDA/PCA algorithm for face recognition. The new algo-
rithm maximizes the LDA criterion directly withouta sep-
arate PCA step. This eliminates the possibility of losing
discriminativeinformation dueto a separate PCA step. We
discuss theconnection between the new algorithmandthe
traditionalPCA+LDAapproach. Wealsoprovethatthenew
algorithmisequivalent to theeigenface(PCA) approach in
a special case, where each person hasonly onesample in
the training set. The feasibility of the new algorithm has
been demonstrated by experimental results.

1. Introduction

Automatic face recognition has been an active research
areain thelast decade. Theprogressin thisareacanbefound
inreview papers[11, 2] and proceedingsof last four interna-
tional conferences on face and gesturerecognition. Among
variousapproaches, techniques based onPrincipal Compo-
nents Analysis (PCA) [7, 12], popularly called eigenfaces
[15, 10], have played a fundamental role in dimensionality
reduction and demonstrated excellent performance. PCA
based approaches typically include two phases: training
and classification. In the training phase, a eigen-space is
established from the training samples using the principal
components analysis method. The training face images
are then mapped onto the eigen-space. In the classifica-
tion phase, the input face image is projected to the same
eigen-spaceand classified by an appropriatemethod. Many

different methodshave been used for facerecognition,such
as the Euclideandistance [15], Bayesian [9] and Linear
Discriminant Analysis (LDA) [14, 1, 3, 19, 8].

Unlike the PCA which encodes information in an or-
thogonal linear space,the LDA encodes discriminatory in-
formation in a linearseparablespaceof which basesarenot
necessarily orthogonal. Researchershavedemonstrated that
the LDA based algorithms outperform the PCA algorithm
for many different tasks [1, 19]. However, the standard
LDA algorithm has difficulty processing high dimensional
image data. PCA isoftenusedfor projecting an image into
a lowerdimensional spaceor so-called facespace,and then
LDA is performed to maximize the discriminatory power.
In thoseapproaches, PCA playsarole of dimensionality re-
ductionand formaPCA subspace.Therelevant information
might be lost dueto inappropriatechoice of dimensionality
in thePCA step [20]. However, LDA can beused notonly
for classification, but also for dimensionality reduction. For
example, theLDA has been widely used for dimensionality
reduction in speechrecognition [6]. LDA algorithm of-
fersmany advantagesin other pattern recognition tasks, and
we would like to make use of these features with respect
to face recognition as well. In this paper, we propose a
unified LDA/PCA algorithm for face recognition. The new
algorithm maximizes the LDA criterion directly withouta
separate PCA step. This eliminates thepossibility of losing
discriminative information due to a separate PCA step. We
also discuss theconnection between thenew algorithm and
thetraditional PCA+LDA approach, andprovethat thenew
algorithm is equivalent to the eigenface (PCA) approach in
the special case where eachperson has only one sample in
the training set. The feasibility of the new algorithm has
been demonstrated by experimental results.

Theremainder of thepaper isstructured as follows. Sec-
tion 2 reviews LDA algorithms for face recognition and
presents a new LDA algorithm. Section 3 comments the
new algorithm. Section 4 describes thedatasetsand experi-
mental results. Section 5 summarizesthepaper.



2. A Direct LDA Algorithm

LD A for F ace Recognition

The basic idea of LDA is to find a linear transforma-
tion such that feature clusters are most separable after the
transformation. Thiscan beachieved throughscatter matrix
analysis [4]. For an M -class problem, the between- and
within-classscatter matrices S

b

and S

w

are defined as:
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The class separability can be measured by a certain cri-
terion. A commonly used oneistheratio of thedeterminant
of thebetween-classscatter matrix of theprojectedsamples
to the within-classscatter matrix of theprojected samples:
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where A is an m n matrix with (m n ). A solution
to the optimization problem of Equation (3) is to solve the
generalized eigen valueproblem [17]:
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For classification, the linear discriminant functionsare:
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A solution to Equation (4) is to compute the inverse of
S

w

and solve a eigenproblemfor matrix S

1
w

S

b

[17]. But
thismethod is numerically unstable because it involvesthe
direct inversion of a likely high-dimensional matrix. The
most frequently used LDA algorithm in practice is based
on simultaneous diagonalization [4]. The basic idea of
the algorithm is to find a matrix A that can simultaneously
diagonalizeboth S

w

and S

b

, i.e.,
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whereΛ isadiagonal matrix with diagonal elements sorted
in a decreasing order. If we want to reduce dimension of

the matrix from n to m , we cansimply use first m rows of
A as the transformation matrix, which correspondsto the
largest m eigen values of Λ. The simultaneousdiagonal-
ization algorithm also involves inversion of matrix. To our
knowledge, most algorithms require that the within-class
scatter matrix be S

w

non-singular, because the algorithms
diagonalize S

w

first. Such a procedurebreaks down when
the within-class scatter matrix S

w

becomes singular. This
can happen when thenumber of training samples issmaller
than thedimensionof thesamplevector. Thisisthecasefor
most face recognition tasks. For example, a small size of
image of 64x64turnsinto a 4096-dimensional vector when
vectorized. The solution to this problem is to perform two
projections[14, 1, 3, 20]:

1. Perform PCA to project the n -dimensional image
spaceonto a lower dimensional sub-space;

2. Perform discriminant projection usingLDA.

The PCA step helps to remove null spacesfrom both
S

b

and S

w

. However, this step potentially loses useful
information. In fact, thenull space of S

w

containsthemost
discriminant information when the projection of S

b

is not
zero in that direction. Consideranextremecase whereeach
class hasonly one sample, we canmaximize S

b

subject to
the constraint that S

w

0. The solution A is the set of
n m matrices with orthonormal columnscontained in the
kernel of S

w

[1]. Therefore, we should not simply discard
thenull spaceof S

w

. In thefollowingsubsection,wepresent
a directLDA algorithmthat cankeepthe null spaceof S

w

.

A New LD A Algorithm

The null space of S

w

may containsuseful information if
the projection of S

b

is not zero in that direction. But the
null spaceof S

b

can besafely discarded. To ourknowledge,
almost all the LDA algorithms diagonalize S

w

first. This
results in the requirement of S

w

non-singular because the
procedure involves inversion. However, the simultaneous
diagonalizationalgorithmcan start fromeither matrix of two
symmetric matrices. In other words, we can diagonalize
S

b

first instead of S

w

. If we begin diagonalization from
S

b

, we needto keep S

b

non-singular. It will not lose any
useful information if weremove thenull spacefrom S

b

. An
efficient way to remove the null spacecancome from the
following lemma:

Lemma1: C LL

T , where C is an n n matrix, L is
n m ��� . Mapping x Lx isa one-to-onemapping
of eigenvectorsof L

T

L onto thoseof LL

T .
Proof: If L

T

Lx � , multiplying both side by L ,
LL

T

Lx � � . Thus Lx isaneigenvector (timesascalar)
of LL

T . It’s easy to verify all eigenvectorsremain orthog-
onal to eachother after themapping.
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In fact, Lemma 1 hasbeen widely used for face recogni-
tion, especially "eigenface"approach[15]. We canuse this
lemma to remove the null space from S

b

efficiently. In the
direct LDA algorithmpresented below, westill use Fisher’s
criterion Equation ( 3). We modified thetraditional simul-
taneousdiagonalization procedureto obtain an exact LDA
solution withouta separate dimensionality reduction step.

Direct LDA Algorithm for for Face Recognition

1. Remove thenull space from S

b

and diagonalize S

b

.

Do an eigen-analysis of Φ T

b

Φ
b

(an M M matrix).
Sort eigenvectors in decreasing order of the corre-
sponding eigenvalues. Map eacheigenvector x of
Φ T

b

Φ
b

onto v Φ
w

x , whichistheeigenvector of S

b

.
Normalize the v ’s and write them down sideby side
to get V , such that
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where V

T

V I , Λ is diagonal matrix sorted in de-
creasing order. Discard those with eigenvalues suf-
ficient close to 0 (below ). Let Y be the first m

columnsof V , we have

Y

T

S

b

Y D

b

(8)

2. Diagonalize S

w

Let Z Y D

1
2

b

, wehave

Y D

1
2

b

T

S

b

YD

1
2

b

Z

T

S

b

Z � (9)

Diagonalize Z
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Z by eigen analysis:
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where U

T

U I , D

w

may have 0s in its diagonal.
Again, we can utilizeLemma 1 to computeeigenval-
ues, i.e.,
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Since the objective is to maximize the ratio of
between-scatter against within-scatter, those eigen-
vectors corresponding to the smallest eigenvalues of
D

w

are themost discriminative dimensions. We can
optionally pick only the most discriminative several
dimensions. In fact, we can sort the diagonal ele-
ments of D

w

in a decreasing order and discard some
eigenvectorswith largeeigenvalues.

3. The LDA transformation is:
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Matrix A diagonalizes both the numerator and the
denominator of Fisher’scriterion:
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4. Finally, we can sphere the data into a more spherical
shape, which isdonewith thetransformation:
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3 Discussion

Some comments are in order:

1. AlthoughLDA has demonstrated goodperformance
in face recognition tasks, traditional LDA algorithms
have problems handling a degenerated S

w

. Some of
themost discriminant dimensionsare potentially lost
by removing the null space of S

w

. In fact, the full
rank requirement of S

w

canbetransferred to S

b

when
applyingsimultaneousdiagonalization procedure. It
will not lose any useful information by removing the
null space from S

b

.

2. The first step of the new algorithm has a dual pur-
pose: dimensionality reduction and sub-space map-
ping. This step, in fact, directly projects raw image
data onto the facesub-space,provided that sample
imagesare aligned. Therefore,we cansafely remove
the null space,which makesno contribution to face
recognition.

3. The new algorithm keeps themost discriminant pro-
jection direction embedded in the null space of S

w

.
The algorithm can take advantage of all useful infor-
mation insideandoutsideof S

w

’snull space.

4. The new algorithm is an "unified" algorithm with
somepreviousfacerecognitionalgorithmsif wemod-
ify theFisher’scriterion. In fact, thereare othervari-
antsof Fisher’scriterion[4], for example,

argmax
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where S

t

S

b

S

w

is the total scatter matrix. If
we use thecriterion (Equation (14)), the first step of
the new algorithm performs PCA function exactly as
other "PCA + LDA" algorithmsdid inaseparated pro-
cedure. In anextremecase where eachclasshasonly
onesample, thenew algorithmwill get thesameresult
asa PCA algorithm. Therefore, thenew algorithm is
a "unified PCA + LDA" algorithm.

4 Experimental Results

Many researchers have demonstrated that LDA outper-
formsPCA for many different tasks. We have theproposed
algorithm using human face images from Olivetti-Oracle
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Research Lab (ORL) [16]. The ORL dataset consists of
400 frontal faces: 10 tightly-cropped images of 40 indi-
viduals with variations in pose, illumination, facial expres-
sion(open/closedeyes, smiling/notsmiling) andaccessories
(glasses/no glasses). The sizeof eachimageis92x112pix-
els, with 256 grey levels per pixel. Figure 1 shows 10
randomly selected from thedataset.

Figure Sample images from the ORL dataset

Wehave performed many different experiments to study
the new algorithm. Without any preprocessing step, the
best recognition ratefor thenew algorithmis95%, which is
compatible to the best result obtained by other researchers
on thesametest setusing different algorithms. Wedescribe
two experiments below. In thefirst experiment, We tested
therecognitionaccuracy vs. dimensionality reduction. Five
randomly-selected images for eachindividual in thedataset
were placedin the training set, and the remaining images
were used for testing. Ten runs for eachof five randomly
selected imageswereperformed with different, randompar-
titionsbetween training and testing images, and the results
were averaged. Figure 4 shows the results of recognition
accuracy vs. dimensionality reduction. The recognitionac-
curacy approachesthebest result with40dimensions. There
isnosignificant improvement if more dimensionsare used.
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Thenwe fixedthenumber of dimension to 39 and tested
recognition accuracy vs. number of training samples. We
varied the number of training samples from 1 to 9. When
we tested n samples (n 1 2 9), we reduced the di-
mension to 39 dimensions. n randomly-selected images for
eachindividual in the dataset were placedin the training
set, and the remaining images were used for testing. Ten
runs for eachof n samples were performedwith different,
randompartitionsbetween trainingand testing images, and
theresults were averaged. Figure4 shows theresults.
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5 A Real-timeSystem

We have implemented a real-time face recognition sys-
tem. The system inputs the image from a video camera.
The system consists of two parts: a real-time face tracker
and a face recognition system. These two parts exchange
information througha socket as shown in Figure 4. The
reason behind the decision to separate face tracking from
face recognition is to allow the two units to work at differ-
ent rates. It is essential that the tracking unit continually
updatesthelocation of apersonface for coherency reasons.
If a largeamountof time were to lapse before the tracking
programisallowed to trackapersons face,thefaceis likely
to be in a very different location. The tracking algorithm
is much more efficient and accurate if the subject’s facein
the current frame is relatively close to the position where
the subject’s face was found in the previousframe. This
requiresthetracking unit to work at aspeed of many frames
per second. Face recognition,on theother hand, trades off
accuracy for speed. At many framesper second,accuracy
of recognition is too degraded to be useful. However, it
is not necessary that recognition occurs near as frequently
as tracking; therefore, we have separated the units to allow
the tracking unit and therecognition unit to work at speeds
optimal for their purpose. This has theadded advantageof

4



allowing one machine to perform the tracking and image
acquisition, while another computer performs recognition
on theface.Thismeans that aremote computeror comput-
ers that are connected to cameras cantrack the subject(s),
and relay the facial image of the subject to a control sys-
tem that contains the large database of facial images for
facial recognition. Then, throughsocket communication,
therecognizer can relay therecognitionresults to whatever
computer/programdesires theinformation. Thiscentralizes
therecognitionprocess, eliminating theneed for duplicated
copies of the facial database, and allows for a distributed
tracking system. On the other hand, both programs can
coexist and run simultaneously on thesame system.

Figure Architecture of the face recognition

system

F ace Extraction

Facial region extraction is a prerequisite for facerecog-
nition. From our experience, the quality of face extraction
effects face recognition rate directly. For face extraction,
we use thereal-time face tracking technologydeveloped at
the Interactive Systems Lab at Carnegie Mellon University
[18]. It usesan adaptiveskin-color model to extract what is
in high likelihooda face from an image. This color model
can be initialized to a person’s skin color for more accu-
ratetracking,thoughnotanecessary procedurefor accurate
tracking. The program also monitors motion in the image,
becausemotion likely indicatesamovingsubject. Usingthe
information extracted from themotion, it looksat the cur-
rent frame, thepreviousframe, and thecurrent color model
to choose themost likely face region. It then actively up-
dates the color model to make it a better match with the
current image information. This insures accurate tracking
even when thesubject steps into variouslighting regions.

From theextractedface,thesystem canfurther find vari-
ousfeaturesinasubject’sface[13]. It iscapableof correctly

Figure An example of face track er

identifying the location of thesubject’s eyes, thesubject’s
nostrils, and the corners of the subject’smouth as shown in
Figure5. For face extraction purposes, thesystem focuses
onthelocationof theeyes, and usesparticularly thedistance
between the eyes to establish a bounding box for theface.
Using theeyes asan anchorestablishesaconsistent method
for faceextraction. Accuraterecognitionrequiresthat many
distinctivefeaturesof theface bevisible, includingthesub-
ject’shair and head contour, which means theboundingbox
must belarge enoughto includethe features. On theother
hand, it is undesirable to includethe backgroundin the fa-
cial image because a variablebackgroundadversely affects
recognition,which means theboundingboxshouldbesmall
enoughtoexcludeany backgroundinformation. In addition,
recognitionmethodsthat use principle component analysis
require that distinguishing features befoundin roughly the
same placefor accurate recognition. This means that if a
subject’s nose is foundin the middle of thetrainingimage,
then thesubject’s nose needs to be in themiddleof thetest
imagefor accurate identification. Thus, using theeyesasan
anchor, distinguishingcharacteristicsareconsistently found
in relatively the same location, and the bounding box can
be calculated to fit well aroundthe subject. It was empir-
ically determined that a satisfactory size for the bounding
box is four timesthedistancebetween theeyesinheight and
threetimes thedistance between theeyes in width centered
aroundthepointbetween theeyes. Thoughit shouldbekept
in mind that theactual calculationsof theboundingboxare
not nearasimportant asit is to keeptherelativedistancesof
theboundingboxconsistent. Accurate recognitionrequires
consistency. It should be noted that if the subject rotates
his/her headwith respect to the camera, the dimensions of
the box are distorted relative to the face. As long as the
recognition portion is trained with images of this rotation,
thiswould notpresent a problem.
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F ace Recognition

Wehavedeveloped ageneral recognitionmodule, which
acts as a platform to allow many different methodsof face
recognitionto be’plugged-in’ andrun. This platformfacili-
tatesrapid development and testing for different recognition
algorithms. Themodulehas separated basic functionssuch
as inputand outputfrom recognitionalgorithms. Themod-
ulestartsby loadingadatabaseof faceimages. Theseimages
are used for training thevariousrecognitionmethods. The
trainingmethod isdetermined by therecognitionalgorithm.
Themodulethenallowsauser to runthevariousrecognition
methodson a recognitionset. This recognitionset can be
a set of different image filesstored in another database, or
live image data that comesfrom the face-tracking module.
Runningrecognitionon stored imagesallowsfor controlled
experimentation on thestrengthsand weaknesses of thevar-
ious recognition methods. Runningrecognition on a live
image is useful for identifyingpeople that are currently in
therange of thecamera and relaying that information on to
thevariousprograms that need that information.

We have currently implemented many different face
recognition algorithms, such PCA [15], PCA + LDA [1],
DSW [5], anddirect LDA.

6 Conclusions

Wehaveproposedadirect LDA algorithmfor facerecog-
nition. By transferring the full rank requirement from S

w

to S

b

, the algorithm has avoided losing the most discrim-
inant dimensions because of removing the null space of
S

w

. Thenew algorithmhasunified PCA/LDA algorithmby
naturally combining the PCA technique into eigen analy-
sisof LDA. Wehavedeveloped areal-timefacerecognition
systembycombiningfacetrackingandfacetechnologiesto-
gether. Thesystem has provided a platform for developing
new face recognition algorithms. We are currently working
on improving face recognition accuracy by a sequence of
video images.
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